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Abstract We study random perturbations of multidimensional piecewise expanding 
maps. We characterize absolutely continuous stationary measures (acsm) of ran- 
domly perturbed dynamical systems in terms of pseudo-orbits linking the ergodic 
components of absolutely invariant measures (acim) of the unperturbed system. We 
focus on those components, called least-elements, which attract pseudo-orbits. We 
show that each least element admits a neighbourhood which supports exactly one 
ergodic acsm of the random system. We use this result to identify random perturba- 
tions that exhibit a metastable behavior. 



1 Introduction 

In this chapter we study statistical aspects of random perturbations of a multidi- 
mensional piecewise expanding manMr : M — >• M, M C R q . A random orbit {xf t }„ 
is a random process where, for all n, is a random variable whose possible 
values are obtained in an e -neighbourhood of Tx% according to a transition proba- 
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bility P £ (x„,.). We consider the case where P e (x nt .) is absolutely continuous with 
respect to Lebesgue measure m. Denoting the density of the transition probability 
by Pe(x, ■ ), we define a perturbed transfer operator , J?f £ , by: 

J? e f(x) = [ p £ (y,x)f(y)dy 

where / G L} n (M) . We focus on non-invertible dynamical systems whose transfer 
operators, perturbed and non-perturbecj^J satisfy a uniform Lasota-Yorke inequality. 
Among other things, such an inequality implies the existence of a finite number of 
ergodic acim for the initial system T, and a finite number of ergodic acsm for the 
random system. 

We then define an equivalence relation between the ergodic components of acim 
of T using pseudo-orbits. Using this equivalence relation, we consequently intro- 
duce equivalence classes of ergodic acim. Among the latter, we identify those which 
attract pseudo-orbits and call them least elements. We show that each least element 
admits a neighbourhood which supports exactly one ergodic acsm of the random 
system. We use this result to identify random perturbations that exhibit a metastable 
behavior. Such a phenomena has recently been a very active topic of research in 
both ergodic theory 13] M 13 El and applied dynamical systems 1611181. 

Section [2] contains the setup of the problem, our assumptions, the notion of a 
least element and the statement of our main result (Theorem[T]l. Section [3] contains 
the proof of Theorem [T] In section |4] we use the results of the previous sections to 
identify random systems which exhibit a metastable behavior. In section|5]we apply 
our results to random transformations, in particular, we provide one-dimensional 
examples to illustrate the results of sections [2] and |4] 



2 Setup and statement of the main result 

2.1 The initial system 

Let M CR q be compacj^jwith intM = M. We denote by d the Euclidian distance on 
R q . Let (M,£/,m) be the measure space, where is Borel a-algebra, and m is the 
normalized Lebesgue measure on M; i.e, m(M) = 1. 

Let T : M — » M be a measurable map, 3>j be the set of discontinuities of T. We as- 
sume that m(S>T) = 0, and T is non-singular with respect to m. The transfer operator 
(Perron-Frobenius) [4| associated with T, Jz? : h) n L l m is defined by duality: for 

gi eL l m and g 2 eL^ 

2 In this chapter, the non-perturbed operator, jSf , is the traditional transfer operator (Perron- 
Frobenius) associated with the map T 0. 

3 All our results can be carried to the case where M is a compact Riemannian manifold. 
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2.2 The perturbed system 

We perturb the map T by introducing a family of Markov chains (<^f ), £ > 0,n > 
with state space M and transition probabilities {P £ (x, .)} x eM\ i-e, Pe{x,A) is the 
probability that a point x is mapped into a measurable set A. At time n = 0, (3£q) 
can have any probability distribution. We assume that: 

(PI) For all ieM,P £ (x, .) is absolutely continuous with respect to the Lebesgue mea- 
sure. We will denote its density by p e (x, .). Therefore P e (3f^ +1 € A \ ^ = x) = 

(P2) We have: suppP £ (x, .) = B e (Tx) for all x. 

Assumption (P2) can be weakened by supposing that suppP £ (x, .) is a subset of a 
slightly larger ball around Tx. Our proofs can be easily adapted to show that the 
results of this chapter will still hold under such a slightly weakened assumption. 

2.2.1 Random orbits and stationary measures 

The perturbed evolution of a state x e M will be represented by a random orbit: 

Definition 1. A sequence {x £ n }„>o C M is an e-random orbit if each x^ + 1 is a random 
variable whose distribution is P e {x^, .), namely {x^}„>o coincides with the Markov 
chains ( JT„ e ), £ >0,n > 0. 

The counterpart of an invariant measure in the case of randomly perturbed dynami- 
cal systems is called a stationary measure: 



Definition 2. A probability measures jix e is called a stationary measure if for any 

A e si 



2.2.2 The transfer operator of the random system 

To study Markov processes it is useful to define the transition operator .3? E acting on 
bounded real-valued measurable functions g 



Its adjoint defined on the space Jt{M) of all finite signed measures, is given 





by: 
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^ e *H(A) = I P e (x,A)dn(x). 
JM 

Notice that fx e is a stationary measure if and only if 3^jJ. £ = fl £ . Moreover, a sta- 
tionary measure is ergodic if, for A G srf with 5^ 1a = I a implies that jU £ (A) = or 
jtt e (A) = 1. Since condition (PI) implies the absolute continuity of any stationary 

measure, it will be convenient to define an operator, Jz? £ , acting on densities. That is 
to say, if fi is an absolutely continuous measure with respect to m, whose density is 
a function g € L) n , then is an absolutely continuous measure whose density is 
Jz?eg, where J£ E g is given by: 

Sfeg{x) = I Pe(z,x)g(z)dz. (1) 
JM 

Thus, densities of acsm are fixed points of j£f e . 



2.3 A Banach space and quasi-compactness of Jz? and Jz? e 

We now introduce a Banach space 38{M) C ££} n . We assume that 
(Bl) The constant function 1 belongs to 38 (M), 

(B2) The set of discontinuities, Sff, of any function / g 38 (M) has Lebesgue measure 
zero. 

(B3) There is a semi-norm |.| on 38(M) such that the unit ball of 38(M) is compact in 
Jz^,j with respect to the complete norm ||-||b=|.| + ||.||j, where || . || j denotes the 
h) n norm. 

We also assume the transfer operators _£f and «Sf e satisfy a uniform Lasota-Yorke 
inequality: there exist an tj e (0, 1) and a D e (0,°°) such that for all / G 38{M) and 
e > small enough: 

Xf<i]\f\+D\\f\\ x - {LY) 

^ef< T] |/| +D ll/H !. (^7) 

Assumptions (LY) and (RLY) ensure the quasi-compactness of both Jzf and »if e |4|. 
In particular, among other things, (LY) implies the existence of a finite number of 
T-ergodic acim, and (RLY) implies the existence of a finite number of ergodic acsm 
for the Markov process («^f). More precisely, we have for the operator _Sf: 

• The subspace of non-negative fixed points w of _Sf, is a convex set with a finite 
number of extreme points w\ , • • • , w/ with supports A^k = 1 , • • • , / . The supports 
A] c ,k= 1 , • • • , I are mutually disjoints Lebsegue a.e.. 

• The measures fii =w\m, - ■ ■ — w/m are ergodic: we will call them the ergodic 
decomposition of any acim jj. = hm, h E J^, or the extreme (ergodic) points 
(measures) decomposing fi. 
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The Lasota-Yorke inequality (RLY) of Jz? £ ensures that the random system admits 
finitely many ergodic acsm jif = h £ \m, . . . = h £ x_m. Note that in general the 
number K of extreme points for fj. £ is different from the number / of ergodic com- 
ponents of fi. In our setting, (see Corolary [TJ, we show that the number of ergodic 
ascm is bounded above by the number of ergodic acim. 

Remark 1. We point out that for certain perturbations one can prove that (RLY) fol- 
lows from (LY). See ll5l [TT1l for precise examples. 

A well known consequence of assumption (LY) and (RLY) is the following propo- 
sition 

Proposition 1. Let {h £ } £> $ a family of densities of absolutely continuous stationary 
measures of Then any accumulation point of {/i £ } £ >o in the h\ n -norm is a 

density of T-acim. 



2.4 Pseudo-orbits, least elements and the statement of the main 
result 

We now introduce the notion of a pseudo orbit which will be our main tool to char- 
acterize ergodic acsm. Pseudo-orbits were previously used by Ruelle [17], followed 
by Kifer fl4l . to study attractors of randomly perturbed smooth maps. 

Definition 3 (pseudo-orbit). For e > 0, an e-pseudo-orbit is a finite set {xi}" =0 C M 
such that d(Txi,xi+i) < £ for i = 0...n— 1, 

Using pseudo-orbits, we define a partial order "— >" among the supports {A,} of 
T-ergodic acim by writing A, — > Aj if for any £ > there is an e-pseudo-orbit 
{xi} k i=0 such that xo G A,- and x^ E Ay. Then we define a relation "~" among {A,} 
by writing A, ~ Aj if both A, — > Aj and Aj — > A;. By ergodicity, given a point 
y E A, ■ = supp/i,- and e > 0, /i,-almost any point x E A,- will enter the ball, of positive 
Hi measure, B £ (y), and therefore all the pairs (x,y) E A, can be connected with a 
(finite) £-pseudo-orbit. Hence we get an equivalence relation among those ergodic 
components and we define A, the equivalence class which contains A,-. We write 
A,- — » Aj if Afc — > A\ for any At € M an d A/ E Aj. 

Definition 4. A,- is said to be a least element, if there is no A; such that A, — > A,-. 

This in particular means that for all £ small enough no e-pseudo-orbit can travel 
from the least element to other equivalence classes. We point out that, in general, a 
dynamical system may have more than one least-elemenj^] We now state our first 
result: 

Theorem 1. Under Assumption (PI) and (P2), if (LY) and (RLY) hold for functions 
in a Banach space B{M) satisfying (B1-B3), then we have: 



4 This will be illustrated in Example 1 
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1. If A is a least element, then for £ small enough there exists an open neighborhood 
% £ D A which supports a unique ergodic acsm jl^. 

2. If A is not a least element, then for £ small enough, jU e (A) = Ofor any acsm )l £ . 
Therefore, for any weak-limit of fl £ , A is a set of measure 0. 

Theorem[T|implies the following three corollaries: 

Corollary 1. The number of acsm of the random system {3££) is bounded above by 
the number of acim of the map T. In particular, ifT has a unique acim, then {^ £ ) 
has a unique acsm. 

Corollary 2. Let € L x m be the density of the ergodic acsm jx £ . By Proposition 
[Tj any accumulation point of the family {h £ } £> o is a convex combination of the 
densities of the extreme ergodic measures spanning A^ In particular, relative to the 
ergodic acsm supported on a neighborhood of least elements, the original system is 
strongly stochastically stablJ^ 

Corollary 3. The support of any ergodic acsm contains a least element. 



3 Proofs 



We first prove a key lemma. 

Lemma 1. Let f £ SB = £§(M) and {xi}f =0 C M be an e-pseudo-orbit such that 
xj €M\ {® x j f H ®r), < j < N and ^ l J{xi) > 0, for some < i < N. Then for 

alii <k<N we have ££ £ f{xk) > 0. 

Proof. Let / G 3$ and \xi\ N i= §, an e-pseudo-orbit, satisfying the assumptions of the 
lemma. In particular, suppose that for some fixed < i < N, ^£ l £ f(xj) > 0. Then 

^ +1 /(*/+i)= / ^f(y)p e {y,x i+l )dy. 

By the hypothesis (P2) we have £ B £ (Ty) => p e (y,Xi + \) > and by the preced- 
ing continuity assumptions there exists 8 > such that y E Bg(xj) => ££ l £ f(y) > 0. 
But this 5-neighborhhod of x, can be made smaller in such a way that when y 
belongs to it, d{Ty,Txj) = £ d ^ T ^- x, +^ which implies that jc,-+i is e-close to Ty. 
Therefore for all the y in this 8 -neighborhood of xi (which is of positive Lebesgue 

5 Note that within the general setting of this paper, we do not claim that the values of the weights 
in the convex combination that determine the limiting density can be easily identified. However, 
for certain perturbations of one dimensional maps, using insights form open dynamical systems, 
such weights can be determined. See GEGlE]- 

6 We will say that the system (M,[l,T) is strongly stochastically stable if any l) m accumulation 
point of the densities of the extreme ergodic absolutely continuous stationary measures {^?} e> o 
for any j = i,...,K and when e goes to zero, is a convex combination of the densities of the 
absolutely continuous ergodic extreme measures of /I . 
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measure), the integrand above is strictly positive and this finishes the proof of the 
Lemma. 

Proof (of Theorem^. We first show that functions in Z$ which are supported in 
an open neighborhood of a least element A are mapped by Jz? £ to functions in 8§ 
which are supported on the same neighborhood of A . This will allow us to get a 
fixed point of _£f e in such a neighborhood of A. We denote by B £ (A) the (open) 
e -neighborhood of a set A. When A is a single point x, this definition reduces to 
the usual definition of a ball of center x and radius £. We observe that even though 
a least element A is forward invariant, the image of a ball of radius e centred at a 
point in A may not be necessarily contained in A . However, this ball will surely sub- 
set of the open set <^ £j i := B £ (TA). We define inductively a family of nested open 
sets °i/ £ „ := B £ (T<%f £ ,„_i) and consider the open neighborhood °^ £ of A defined by 
& e := U~ =1 ^ e „. This set is clearly forward invariant under T, and its closure is 
disjoint, for e small enough, from the supports of the other ergodic acim; otherwise, 
we can construct an e pseud-orbit linking the least element to them. 

(i) Let := {/ e S\f is supported on ^ £ }. Since jSf e /(je) = J M p e (y,x)f(y)dy, 
the forward invariance of °i/ £ together with x £ B E (Ty), insure that Jz? £ leaves 
the Banach space 3§(<2f e ) invariant. Then by the spectral construction of den- 
sities, we obtain a fixed point Jz? £ /i £ = h £ £ SS(^/ £ )\ the measure ji £ = h E m, 
J^ e h e dm = 1 is therefore stationary. We now prove that h e is the only fixed 
point of Jz? e in Suppose there is another function h' e £ £8(fflf e )) with 
the same property, and let us define the function h = mm(h £ ,h £ ). Then clearly: 
min(h £ ,h £ ) < h e and mm(h £ ,h' £ ) < h' e and thus J?? £ (mm(h £ ,h £ )) < J^? £ h £ and 
& e (mm(h e ,h' e )) < S£ £ h' £ which implies jSf e (min(A e ,^)) < min(j£f e A e ,JSf e Ae)- But 
min(jSf e ft e ,_Sf £ /Zg) = mm(h e ,h' e ) = h, so ££ £ h < h and therefore Jz? £ /z = h. Let us 
consider h £ — h. It is a nonnegative function and it satisfies Jz? £ (/i £ — h) = h £ — h. 
By Proposition [T] and by taking e small enough, we insure that the supports of h £ 
and h' e will intersect the least element in a Borel set B of positive Lebesgue mea- 
sure. Starting from almost anypoint in this set we can attain any other point in <%f e 
with a (finite) e -pseudo-obit PI Then for any xq £ B such that (h £ —h)(xo) > 0, 
we can apply Lemma [I] with f = h e — h and by considering an e-pseudo-orbit 

C M \ {S>h e -h H 9r) which starts from almost any x £ B, passes through 
xq, and lands inx^ £ ^ £ we have ^f £ (h £ — h)(xi l ) = (h e —h)(xk) >0,k— 1, • • • ,N. 
This is equivalent to say that (h £ — h)(x) > for all ief £ , that is h e > h' £ on <W e , 
contradicting the fact that / h £ dm = J h' £ dm = 1. Therefore h £ = h' £ on fy £ . 

(ii) Suppose Aq is not a least element; then Aq — > A, where A is a least element. 
Let h' £ be the density of any acsm, i.e Jff £ h' £ = h' £ . We will show that h' £ = on Aq. 
We proceed by contradiction. First, since Aq — > A, there is an £-pseudo-orbit which 
starts from Ao and ends up in A . Let h £ denote the density of the unique acsm sup- 
ported on A . If h' £ ^ 0, we can invoke again the arguments of Lemmallland point (i) 
of this theorem to conclude that h £ > on A too and also that min(h £ ,h' £ ) is a fixed 



The ergodicity insures this possibility for points in the same ergodic component; the equivalence 
relation allows to pass from one representative to the other in the least element, and finally the 
recursive construction of ^ allows to get the external points % e /A. 
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point of Jz? £ . But the support of such a minimum is a subset of A since for £ small 
enough, h £ = outside A. Then by uniqueness of the density h £ over A we get that 
h £ = min(h £ ,h £ ). This implies that J M h' e dm > 1, which is false. 

Proof (of Corollary 3). By Proposition 1 and part (ii) of Theorem [T] for e small 
enough, the support of any ergodic acsm jif, intersects the support of a least element. 
By part (i) of Theorem [T] a small neighborhood of this least element supports an 
ergodic acsm . By repeating the arguments of the proof of part (ii) of Theorem[T] 
we obtain that those two ergodic acsm must coincide. 



4 Pseudo-orbits and metastability 

In this section we assume that: 

(Ml) As an operator on 3§(M), _£f has 1 as an eigenvalue of multiplicity two. More- 
over, if Xi 7^ 1 is an eigenvalue of J*f, then |A| < 1. 
(M2) The map T has a unique least element. 

Under conditions (Ml) and (M2), we will show that random perturbations of T ex- 
hibit a metastable behavio}^ For this purpose, we first introduce some notation and 
recall the Keller-Liverani perturbation theorem |12|. We adapt it to our situation 
which deals with the two adapted norms || • \\& = | • | + || • ||j and || • For the 
unperturbed Perron-Frobenius operator Jzf let us consider the set 

Vs,(&) = {z e C : \z\ < r or dist(z, a(JS?)) < 8}, 

where c(Jz?) is the spectrum of ££ as an operator on 3$, Further, for e > 0, we 
define the following operator norm 

|||^ £ ||| = sup W\\x. (2) 

ll/ll.«<i 

Note that by (LY) and (RLY), the operators Jzf, Jz? £ satisfy all the conditions of ifTHl . 
Thus, we are ready to state and use the following important result of lfT2l : 

Theorem 2. ^721/ If lim e _^o 1 1 - ^\\\ = then for sufficiently small e > 0, 
Cl(^f e ) C Vg , r (-S?). Moreover, in each connected component ofV§ r (^f) that does 
not contain both c(Jzf) and ff(Jz? £ ) have the same multiplicity; i.e., the associated 
spectral projections have the same rank. 

Using Theorem [2] we show that our random system (£& £ n ) exhibits metastable be- 
havior: 

Proposition 2. Suppose that 

8 By a metastable behavior we mean that Jzf E , as an operator on ,® , will have 1 as a simple eigen- 
value and will have another real eigenvalue ^ E very close to 1 . Moreover ^ E has the second largest 
modulus among eigenvalues of J^ E . Such a <^ E determines the rate of mixing |4| of the random 
system (>£^ E ). 
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• T satisfies assumptions (Ml), (M2); 
. liin e _>o|||jSf-JS? e |||=0. 

Then, as an operator on Jz? £ has I as a simple eigenvalue. Moreover, Jz? £ has a 
real eigenvalue t^ e very close to I. In particular, t, £ has the second largest modulus 
among eigenvalues of J£ £ . 

Proof. Assumption (Ml) states that the spectrum of Jz? , as an operator on 3), satis- 
fies the following: 3 an r g (tj, l^and a 8 > such that: 

1 . The eigenvalue 1 of J? is of multiplicity two; 

2. if Xj 7^ 1 is an eigenvalue of Jz? , then A,,- G B(Q, r); 

3. fi(0,r)nfi(l,<5) =0. 

Moreover, under assumptions (M2), using Theorem [I] the random map (SK"g) has 
exactly one ergodic acsm; i.e., as an operator on SS, J?? £ has 1 as a simple eigenvalue. 
Consequently, by Theorem [2] for sufficiently small e, the spectrum of Jz? £ satisfies 
the following: 

1. Jz? £ has a real eigenvalue !; £ < 1, with t; £ €B(1,5); 

2. if Aj )E ^ {l,4e} is an eigenvalue of Jz? £ , then A,- )£ E B(0,r). 

Remark 2. The condition lim £ ^o \ \\JtC — \\ \ — of Proposition|2]can be checked 
in several cases. A general theorem is presented in Lemma 8 of ||5| for piecewise 
expanding maps of the interval endowed with our pair of adapted spaces where the 
noise is represented by a convolution kernel. In the multidimensional case, using 
quasi-Holder spaces, the proof is given in Proposition 4.3 of 1 1 1. 

Remark 3. Proposition [2] does not, in general, hold when the number of ergodic T- 
acim is / > 2. This is due to the fact that 

a) If / is odd, then Z — 1 is even. Therefore, the transfer operator J?f £ may have / — 1 
complex eigenvalues of modulus one sitting in B(l , 8). 

b) If I is even, then / — 2 is even. Therefore, the transfer operator J?f £ may have / — 2 
complex eigenvalues of modulus one sitting in B(l , 8). 



5 Random Transformations 



In sections [2] [3]and[4]we studied random perturbations of a dynamical system in the 
framework of general Markov processes. Nevertheless, it is often useful to deal with 
the case when the Markov process is generated by random transformations lfl31l . In 



9 By (LY) and (RLY), 7] is an upper bound on the essential spectral radius of _Sf and the essential 
spectral radius of J? E . 
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Fig. 1 An example of a 1 -dimensional map T with two least elements 



this setting, we consider an i.i.d. stochastic process (C0k)keN with values in £2 £ and 
with probability distribution 9 £ . We associate with each 0) G £2 £ a map T a :M — > M 
and we consider the random orbit starting from the point x and generated by the 
realization (O n = (a>i, CO2, • • • , (0„), defined as : T^ n := o • • • o 7^ (x). This defines 
a Markov process ^ e with transition function 

P(x,A) = [ l A (T a (x))d6 e ((o), 

where A <G 3S(M), i£M and \ A is the indicator function of a set A. The transition 
function induces an operator <fy e * which acts on measures jti on (I,3S(M)) as: 

^Ai(A) = / / l A {T a {x))d6 e {(0)dn{x) = / W e l A (x)dHe(x), 
Jm Jn £ J 1 

where ^ e is the random evolution operator acting on L~ functions g: 



W e g = [ goT a de £ {(o). 



(3) 
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A measure fi £ on (M,3§(M)) is called a ^-stationary measure if and only if, for 

any A E 3${M), 

%*He(A)=He(A). (4) 

We are interested in studying ^-acsm. By ([3J, one can define the transfer operator 
Jz? £ (Perron-Frobenius) acting on L 1 (M,tM(M),m) by: 

(-%/)(*)= / ^ a f{x)de z {(o), (5) 

which satisfies the duality condition 

f gJ? e fdm = [ W £ gfdm (6) 

JM JM 

where g is in some subset of L™ and Jz?<a is the transfer operator associated with T m . 
It is well know that ji £ := p e m is a JTg-acsm if and only if Jz? £ p £ = p £ ; i.e., p £ is 
a ^-invariant density. In order to use the results of sections [2] [5] and |4] we also 
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assume that assumptions (PI), (P2^](B1)-(B3), (LY) and (RLY) hold. Moreover, 
we assume that ([5]) reduces to 

{Jf e f)(x)= f Sf a f(x)d6 e ((0)= [ p a {z,x)f(z)dz. (7) 
Jn e jm 

In fact, an important example of a random perturbation where «5f £ can be reduced as 
in (j7|i is the case of additive noise. For instance if M = S q , the ^-dimensional torus 
P"| let define T m = T(x) — CO mod S q , where CO <E S q . Let the density of 9 £ with respect 
to the Lebesgue measure d CO on S" 1 , h E , be continuously differentiable density with 
support contained in the square Q £ = [— E,e] q : f d0 £ = J h £ (co)dco = 1. It is then 
straightforward to check that p £ (x,y) — h £ (Tx — y). 



5.1 l-dimensional examples 

To illustrate our results, we present two examples of l-dimensional map^] In Ex- 
ample[T]we present a map that has three ergodic components and two least elements. 
In Example[2]we present a map which has two ergodic components and exactly one 
least element. Moreover, we show that when T of Example [2] is perturbed by an 
additive noise, it exhibits a metastable behavior. 

Example 1. In this example T : [0, 10] — > [0, 10]. The graph of T is shown in Fig. 1. 
T is piecewise linear and Markov with respect to the partition: 

[0,1),..., [4,5), [5,5.5)..., [9.5, 10]. 

One can easily check that that T has exactly three ergodic acim whose supports 
A\,A2,Aj are, respectively, equal to [1,4], [5.5,7.5], and [7.5,9.5]. Moreover, one 
can easily check that T admits two least elements. Namely, {A\} and {A2,A3}. 

Example 2. In this example T : [0, 10] — > [0, 10]. The graph of T is shown in Fig. 2. 
T is piecewise linear and Markov with respect to the partition: 

[0,1),..., [9, 10]. 

One can easily check that that T has exactly two ergodic acim whose supports A\ , A2 
are, respectively, equal to [1,5], and [5,9]. Moreover, one can easily check that T 



(PI) and (P2) in this setting are analogous to: 
(PI) For all x e / the measure P(x, ■) defined above on the Borel subsets of / by P(x,A) = f {(O e 
&e 5 T m (x) 6 A} is absolutely continuous with respect to Lebesgue, namely we have a summable 
density p £ (x,-) such that: P(x,A) = J A p £ (x,y)dy; 
(P2) We have: support of P(x, ■) coincides with B e (Tx),\/x 6 /. 

11 If M is not the torus we assume that, for all CO e Q £ , T m {M) C M. 

12 In both examples the Banach space 33 is considered to be the space of functions of bounded 
variation. 



Pseudo-Orbits, Stationary Measures and Metastability 



13 



admits exactly one least elements. Namely, {Ai,A2}. When T is perturbed by an 
additive noise, by using Lemma 8 of [5], we obtain that lim e _).o 1 1| J% — J2?| 1 1 =0. 
Consequently, by Proposition|2] the random system exhibits a metastable behavior. 
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